The question of whether the collection of codimension-k PL fibrators is closed under the Cartesian product operator remains unsolved but seems unlikely, in view of the examples described in [6] . As some effort to solve the question in [7] , we give some partial answers.
Definitions and Notation
A proper map p : M → B between locally compact ANRs is an approximate fibration, a concept introduced and studied by Coram and Duvall [1] [2] , if it has the following approximate homotopy lifting property: given an open cover Ω of B, an arbitrary space X, and maps f : X → M and F : X × I → B satisfying pf = F 0 , there exists a map F : X × I → M such that F 0 = f and pF is Ω-close to F . The latter means that each x ∈ X corresponds U x ∈ Ω with {pF (x), F (x)} ⊂ U x .
Fibrator properties of manifolds afford quick detection of approximate fibrations. Throughout the rest of this paper all manifolds are oriented PL manifolds. When N is a fixed closed PL n-manifold, M is a PL manifold, B is a polyhedron, and p : M → B is a PL map, then p is said to be N -like if each p −1 (b) collapses to an n-complex homotopy equivalent to N . We call N a codimension-k PL fibrator if, for every PL (n+k)-manifold M and N -like PL map p : M → B, p is an approximate fibration. If N is a codimension-k PL fibrator for all k > 0, we simply call N a PL fibrator.
A group Γ is said to be: hopfian if each epimorphism Γ → Γ is an isomorphism; cohopfian if each monomorphism Γ → Γ is an isomorphism; and normally cohopfian if each monomorphism Γ → Γ with image a normal subgroup of Γ is an isomorphism. Moreover, Γ is sparsely abelian if it contains no nontrivial abelian normal subgroup A such that Γ/A is isomorphic to a normal subgroup of Γ. Groups Γ that are both sparsely abelian and normally cohopfian have the useful feature that every homomorphism Γ → Γ with, at worst, abelian kernel and normal image necessarily is an automorphism. For brevity a group Γ which is both normally cohopfian and sparsely abelian will be said to have Property NCSA. This Property is useful for detecting rich fibrator properties: a closed, aspherical, orientable n-manifold N is known to be a PL o-fibrator if it is a codimension-2 PL o-fibrator and π 1 (N ) has Property NCSA [5, Theorem 8.1] .
The (absolute) degree of a map is computed with integer coefficients and is understood to be a nonnegative number. Explicitly, a map f : N → N between closed, orientable n-manifolds is said to have degree d if there are choices of generators γ ∈ H n (N ; Z), γ ∈ H n (N ; Z) such that f * (γ) = dγ , where d ≥ 0 is an integer. A closed, orientable manifold N is said to be hopfian if every degree 1 map N → N which induces an isomorphism at the fundamental group level is a homotopy equivalence. As a result, when π 1 (N ) is a hopfian group, N is a hopfian manifold if and only if all degree 1 maps N → N are homotopy equivalences. According to Hausmann [11, Proposition 1] , every closed orientable manifold of dimension at most 4 is hopfian.
Products of PL fibrators
In this section we discuss fibrator properties of products of hopfian manifolds. Say that a group G is incommensurable with another group K if there is no nontrivial homomorphism G → K, and a group G is hereditary incommensurable with another group K if there is no nontrivial homomorphism H → K for any subgroup H of G. For example, perfect groups are incommensurable with all Abelian groups; finite groups, with torsion free groups; and infinite simple groups, with finite groups. In particular, finite groups are hereditary incommensurable with torsion free groups.
Lemma 2.1. If G and K are normally cohopfian groups such that G is incommensurable with
where j 1 and j 2 are inclusions, and pr 1 and pr 2 are projections. Write, for any x ∈ G and y ∈ K,
Hence we have the following commutative diagram
where the horizontal sequences are exact sequences of groups. Note also that for any (
Now we show that φ 1 and φ 2 are isomorphisms. Then applying the FiveLemma, we have that φ is an isomorphism.
First, we claim that φ 2 is an isomorphism. For y ∈ Kerφ 2 , pr 2 
and φ is a monomorphism, y = 1 and φ 2 is also a monomorphism. But since φ 2 (K) = pr 2 •φ(G×K)¡K and K is normally cohopfian, φ 2 is an isomorphism.
Next, we show that φ 1 is an isomorphism. Now we have known that φ 2 is injective. To show that φ 1 (G) is normal in G, for any x, g ∈ G, one wants to have gφ 1 
To have this, one may observe (g, 1)φ(x, 1)(g, 1)
, which is required. Since φ 1 is a monomorphism, by the normal cohopfianness of G, φ 1 is an isomorphism.
Lemma 2.2. Suppose G is a sparsely abelian group and K is a group with no non-trivial abelian normal subgroup such that G is hereditary incommensurable with
The fact that K has no non-trivial abelian normal subgroup implies pr 2 (N ) = 1, and so N ⊂ G × 1. Hence, we have φ(x, 1) = (1, 1) and (x, 1) ∈ N . Conversely,  since N ⊂ G × 1, for (x, 1) ∈ N , φ(x, 1) = (1, 1) and (x, 1) ∈ N 1 × 1.
Now we show that
Next we show that φ( If φ(1, y) = (1, 1) , we consider the cyclic subgroup K of K generated by y. Then we have the nontrivial well-defined isomorphism ψ
Since G is hereditary incommensurable with K, ψ −1 is trivial and so φ(1, y) = (1, 1). As a result, φ(x, y) = φ(x, 1) ∈ φ(G × 1) and φ(G × 1) is a normal subgroup of G × 1.
From the fact that G is a sparsely abelian group, N 1 × 1 = N must be trivial.
Remark. For a closed aspherical manifold N with χ(N ) = 0, π 1 (N ) has no nontrivial abelian normal subgroup by work of Rosset [16] . Now we consider the conditions under which the product of two hopfian manifolds is hopfian. For a given two hopfian manifolds N 1 and N 2 , consider the following diagram
where j 1 and j 2 are inclusions, and pr 1 and pr 2 are projections. 
Remark. The argument of the proof above cannot be applied for the case (N 1 ×N 2 ) is an isomorphism for all k. Apply the Whitehead Theorem. 
We state the following main result of this section. Proof. By Lemma 2.1 and Lemma 2.2, N has Property NCSA. Since N 1 and N 2 are t-aspherical, so is N . According to [9, corollary 2.6] , N is a codimension-(t+1) PL fibrator. Proof. Let G = π 1 (N 1 ) and K = π 1 (N 2 ). It suffices show that G × K is a hopfian group; then N 1 × N 2 is a codimension-2 PL fibrator.
Since G is incommensurable with K, as before we have the following commutative diagram
where the horizontal sequences are exact sequences of groups. Here φ 2 must be an epimorphism since φ is onto, and then φ 2 is an isomorphism since K is hopfian. By simple diagram chasing, we have that φ 1 is an epimorphism. But since G is hopfian, φ 1 is an isomorphism. Now apply the Five Lemma. Proof. By [7, Corollary 3.9] , N 1 × N 2 is a hopfian manifold. Also π 1 (N 1 × N 2 ) is a finitely generated residually finite group, and hence hopfian group. 
